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Abstract
By quantizing an open string ending on a D-brane in a nontrivial supergravity background, we
argue that there is a new kind of uncertainty relation on a D-brane worldvolume. Furthermore,
we fix the form of the uncertainty relations and their dependence on the string coupling constant
by requiring them to be consistent with various string theory and M theory dualities. In this way
we find a web of uncertainties of spacetime for all kinds of brane probes, including fundamental
strings, D-branes of all dimensions as well as M theory membranes and fivebranes.
1 Introduction
String theory is a promising candidate of quantum gravity and the theory of spacetime. It is
therefore an interesting question to study the properties of spacetime in string theory. A number
of uncertainty relations have been proposed in relation to string theory. See, for example, [1, 2]
for a review of the subject and for further references. It was first proposed [3] that a modified
version of the canonical Heisenberg uncertainty relation
δXδP ≥ 1 + l2sδP
2, (1)
governs the high energy behavior of string theory. This relation implies the existence of a
minimal scale δX ∼ ls [3]. Another uncertainty relation is the one proposed by Yoneya [4]
δTδX ≥ l2s . (2)
He further suggested that the spacetime uncertainty relation can be one of the fundamental
principles underlying the nonperturbative string theory, and can also be one of the guiding
principles for constructing a covariant formulation of M theory [4].
In this paper, we propose a new kind of uncertainty relation
δX0δX1 · · · δXp ≥ gsl
p+1
s (3)
for the worldvolume of a Dp-brane. Here Xi are the D-brane worldvolume coordinates. We also
propose a similar kind of uncertainty relations for the M-branes.
It is well known that in string theory different probes could see slightly different spacetime
geometries. So it is natural to expect that the uncertainty principle can be different for different
probes, as it is manifest in our proposed relations (3). Note that (3) is involved only with the
longitudinal directions on a D-branes, that is, the D-brane worldvolume. Another uncertainty
relation involving both longitudinal and transverse directions for a D-brane was proposed by
Yoneya and collaborators [2, 4, 5]. He proposed that if one interprets T andX as the longitudinal
and transverse coordinates of a D-brane, (2) can also be understood as an uncertainty relation
for a D-brane.
In the brane world scenario [6], it is argued that we could be living on a D-brane. It is thus of
great interest to determine the form of uncertainty relations on a D-brane worldvolume, which
will be interpreted as the uncertainty relation for the four dimensional spacetime on which we are
trapped. Since it is also known that a D-brane worldvolume becomes noncommutative [7, 8] in
the presence of a nontrivial background BNS−NS field in the direction of the brane, it is natural
to ask what kind of uncertainty relation follows this worldvolume noncommutativity [9, 10]. In
this paper we first show how to obtain the uncertainty relation for a D1-brane by integrating
out quantum fluctuations of the background field. Then we use various dualities in string theory
and M theory to extend the uncertainty relation to other D-branes and strings or membranes.
Putting all the old and new dualities together, we find a web of spacetime uncertainty relations
associated with all the branes in string theory or M theory.
The organization of this paper is as follow. In sec.2, we first extend the previous results
[7, 8, 10] about the noncommutativity of D-brane by generalizing the background to the first
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nontrivial (yet manageable) order, with a curved background metric gµν and a nontrivial NS-NS
2-form field. Then we argue in sec.3 that these commutation relations give rise to uncertainty
relations on the D-brane worldvolume. While the precise form of the uncertainty relations cannot
be easily fixed this way, one can use the dualities of string theory and M theory to constrain
the form of the uncertainty relations. Guided by this idea, we propose in sec.4 worldvolume
uncertainty relations for D-branes, M2-branes, M5-branes, as well as fundamental strings. We
check that they are consistent with various dualities of string theory and M theory. Finally we
make a few remarks in sec.5.
2 Noncommutativity from open string quantization
It was first proposed by Connes, Douglas and Schwarz [7], and by Douglas and Hull [8], that the
Matrix model compactified on a torus with the NS-NS B field background should be described
by a field theory living on a noncommutative space. This conjecture has been verified in various
ways (see, e.g. [11]). In particular, it was pointed out in [12] that this can be seen by quantizing
an open string ending on a D-brane. Based on the intimate relation between compactified Matrix
models and D-brane worldvolume theories, Hauffman and Verlinde [13] also suggested that the
low energy effective theory for a D-brane compactified on a torus with B field background should
also live on a noncommutative space. Following [12], the quantization of the open string ending
on a D-brane with a constant F = B − F field background in flat spacetime was carried out in
[10]. An agreement with previous works was obtained but the framework and results of [10] were
more general. In this section we generalize further the previous work to a curved background
and non-constant F field. The derivation is in parallel with [10].
For an open string with an end-point sticking to a Dp-brane with U(1) field strength F in a
B-field background, the bosonic part of its action can be written as
SB =
1
4πα′
∫
Σ
d2σ
[
ηαβgµν∂αX
µ∂βX
ν + ǫαβFµν∂αX
µ∂βX
ν
]
, (4)
where
F = B − F (5)
is the modified Born-Infeld field strength on the D-brane, F = dA and Ai, i = 0, 1, · · · , p, is
the U(1) gauge potential living on the Dp-brane. We use the convention ηαβ = diag(−1, 1) and
ǫ01 = 1 as in [10]. Note that F is invariant under the gauge transformations
A→ A+ dΛ, B → B, (6)
and
B → B + dΛ, A→ A+ Λ. (7)
The equations of motion are
gµκ(X¨
κ + ΓκµνX˙µX˙ν)− gµκ(X
′′κ + ΓκµνX
′µX ′
ν
) +HµνλX˙
νX ′
λ
= 0, (8)
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where
Γλµν =
1
2
gλκ(∂µgκν + ∂νgµκ − ∂κgµν) (9)
is the Riemannian connection for the metric and
Hµνλ = ∂µFνλ + ∂νFλµ + ∂λFµν , (10)
that is, H = dF . In fact, since dF = 0, H = dB. The boundary conditions are
X
′νgνi + X˙
νFνi = 0 for i = 0, 1, · · · , p, (11)
Xa = xa0 for a = p+ 1, · · · , 9, (12)
at σ = 0, π, where xa0 gives the position of the Dp-brane.
For convenience we have chosen the spacetime coordinates in such a way that xa0 are constant
on the Dp-brane. We will use the indices (i, j, · · ·) for directions parallel to the brane (i =
0, 1, · · · , p) and the indices (a, b, · · ·) for directions transverse to the brane (a = p+1, · · · , 9). We
will choose the coordinates such that gia = 0 on the D-brane for convenience. The momentum
density is
2πα′Pµ = X˙
νgνµ +X
′νFνµ. (13)
For a constant background (F =constant) in a flat spacetime (gµν = ηµν), one can solve the
equations of motion and boundary conditions exactly and carry out the canonical quantization
[10]. The final result is
[Xi,Xj ] = ±2πiα′(M−1F)ij , (14)
where
Mij = ηij −Fi
kFkj , (15)
and Xi is the spacetime coordinates of the open string at the two end-points σ = 0, π. The
indices are lowered or raised by the spacetime metric η. While this result does not need a
compactification, in case the spacetime is compactified on a torus, the right hand side of (14)
for F = 0 is proportional to the dual B field on the dual torus. It agrees with the results for
the BFSS matrix model [7]. For the case of a non-constant F on a flat torus and its relation to
deformation quantization, see [14].
For a generic background, we are unable to find the most general solution in parallel of (14).
However it is possible to find a special solution in a certain approximation of weak field and
slow variation. Consider a deviation from the trivial background F = 0, g = η with small F
and ∂g considered as first order quantities. We will consider ∂∂g as second order and so from
the Einstein equation for the background, ∂F ∼ ∂g are also of the first order. In summary,
we will consider (x, x˙, g) as terms of the 0th order, (F , ∂F , ∂g) as terms of the 1st order, and
(∂nF , ∂ng), n ≥ 2 as terms of higher orders. We will only keep terms of the 0th and 1st order
consistently. To solve the equations of motion and boundary conditions, we use the following
ansatz for X
Xi = xi(τ) + yi(τ)σ, Xa = xa0. (16)
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It is easy to check that this ansatz for the σ dependence is consistent with our approximation.
Substituting (16) into the boundary conditions (11), one finds that y is of first order:
yi = −x˙j(Fg−1(x))j
i. (17)
For this ansatz, the equations of motion (8) give the geodesic equation for xi
x¨i + Γ(x)ijkx˙
j x˙k = 0, (18)
and the free motion for y
y¨i = 0. (19)
Eqn.(19) is satisfied by (17) up to 2nd order terms.
The lowest energy modes on a string are thus approximately given by
Xi = xi + (g−1Fg−1(x))ikpkσ,
2πα′Pi = pi − pmpng
mjgnk(∂jFki(x))σ, (20)
and
Xa = xa0, Pa = 0, (21)
where we have introduced
pk = x˙
jgjk(x). (22)
The Poisson bracket for the open string is determined by the symplectic two-form 1
Ω =
∫ pi
0
dσδPµδX
µ. (23)
Substituting (20) into (23), we find
Ω =
1
2α′
δp¯iδx¯
i. (24)
up to second order terms. Here p¯i and x¯
i are defined as
p¯i = pi −
π
2
pmpng
mjgnk(∂jFki(x)), (25)
x¯i = xi +
π
2
(g−1Fg−1(x))ikpk. (26)
We thus obtain the commutation relations 2
[p¯i, p¯j ] = 0, [x¯
i, x¯j ] = 0, (27)
[x¯i, p¯j ] = 2iα
′δij , (28)
1 We don’t need to do the time average prescription here as in [10]; and if we do it here we will obtain the
same result.
2 Normally, special attention has to be paid to the operator ordering when we derive commutation relations
from Poisson brackets, so that the Jacobi identity is satisfied if possible. Fortunately, in the approximation we
use here, the issue of operator ordering does not arise.
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or equivalently, in terms of xi and pj, it is
[pi, pj ] = 0, (29)
[xi, xj ] = 2πiα′(g−1Fg−1)ij , (30)
[xi, pj ] = 2iα
′δij + iπα
′pkg
kmgin(∂mFnj + ∂nFmj − ∂jFmn). (31)
All of these hold only up to 2nd order terms. It is easy to verify that the commutation relations
(29)-(31) satisfy the Jacobi identity also up to second order terms.
It is now easy to check that for σ = 0, π,
[Xi,Xj ] = ±2πiα′(g−1Fg−1)ij, (32)
where the plus (minus) sign corresponds to the end-point σ = 0 (π). This agrees with the result
for a constant background (14) in the leading order. Furthermore, since the right hand side of
(32) is a tensor field, this equation is covariant under general coordinate transformations up to
second order terms.
In the static gauge Xi is the worldvolume coordinate for the D-brane, so the D-brane world-
volume appears to be a noncommutative space. We propose that in the weak field and slow
variation approximation we considered, (32) gives the commutation relations for the D-brane
spacetime coordinates in a generic background.
Under an S-duality transformation, a D-string is turned into a fundamental string. For a
D-string, the noncommutativity is governed by (32) with the NS-NS background F = B − dA.
The commutation relation for a fundamental string in the dual theory is thus
[Xi,Xj ] = ±2πig′sα
′(g−1F ′g−1)ij , (33)
where g′s = 1/gs is the dual string coupling and F
′ = B′ − dA′ is the R-R counterpart of F in
the dual theory. Since we assumed that gs is small to derive (32), (33) is valid only for large g
′
s.
It would be interesting if one can derive this directly from string theory.
3 Noncommutative gauge theory and uncertainty relations
The noncommutativity (32) signifies the existence of uncertainty relations on the brane. To
give a precise formulation, we first need to explain what we mean by an uncertainty δX. The
suitable framework for discussing uncertainty relation is to employ the language of string field
theory [15]. Let Ψ be the normalized wave function for the D-brane and define (∆Xi)2 by
(∆Xi)2 =
∫
[DX(ξ)]Ψ†(X(ξ))(Xi(ξ)−Xi )2Ψ(X(ξ)), (34)
where
Xi =
∫
[DX(ξ)]Ψ†(X(ξ))Xi(ξ)Ψ(X(ξ)). (35)
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In these equations, ξ = (ξ0, · · · , ξp) denote the worldvolume coordinates of the D-brane. The part
[DX(ξ)] of the functional measure denotes an integration over all D-brane configurations. Ob-
viously these definitions mimic their counterparts in the familiar case of the quantum mechanics
for a point particle.
Applying the standard argument for uncertainty principle to (32) and notice that as a back-
ground, F is independent of the D-brane wavefunction Ψ, we get
∆Xi∆Xj ≥ 2πl2s |F
ij |, (36)
where F ij = (g−1Fg−1)ij and l2s = α
′. Note that these first quantized quantities depend on
Ψ and the classical backgrounds. The right hand side of (36) vanishes for a trivial classical
background F = 0. However, as explained in [10], even for such a classical background, there
could be nontrivial uncertainty relations arising from integrating out the quantum fluctuations.
On expanding the string field Ψ into the component fields B, the string field path integral
becomes an infinite product of path integrals over these fields and the expectation value 〈·〉 of
an operator in string field theory is defined by
〈O〉 =
1
Z
∫
[DB]e−S O where Z =
∫
[DB]e−S . (37)
For example, B includes the metric g and the B-field. It is thus natural to define the desired
uncertainty for Xi as
δXi =
√
〈(∆Xi)2〉. (38)
Using Schwarz inequality, we find
(δXi)2(δXj)2 ≥ |〈∆Xi∆Xj〉|2. (39)
Thus
δXiδXj ≥ 2πl2s〈 |F
ij | 〉, (40)
and it generally reduces to something of the form
δXiδXj ≥ f(gs) l
2
s , (41)
where f(gs) is some function of gs. We will try to determine f in the weak coupling limit. Notice
that this form of uncertainty relation follows more or less from dimensional analysis. The point
of the analysis performed above is to give a precise definition of the quantities involved and to
show that the right hand side of (41) is really nonvanishing.
To see how the gs dependence comes in, it is instructive to consider the case of a D-string.
The commutation relation for the worldsheet directions reads
[X0,X1] = 2πil2sF , (42)
where F = F01 and we have replaced gij by the flat metric in our approximation. We thus need
to evaluate
1
Z
∫
[DB]e−S|F|. (43)
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For small gs, we can use the tree level SUGRA action where S contains a piece
S =
1
g2s l
8
s
∫
dB ∗ dB + · · · . (44)
It is convenient to go to a gauge in which F = B and by rescaling
B = gsB
′, (45)
then for the background B = 0
〈 |F| 〉 ≃
1
ZB
∫
[DB]e
− 1
g2s l
8
s
∫
(∂B01)2
|B01|
= gs{
1
Z ′B
∫
[DB′]e
− 1
l8s
∫
(∂B′
01
)2
|B′01|}, (46)
where
ZB =
∫
[DB]e
− 1
g2s l
8
s
∫
(∂B01)2
, Z ′B =
∫
[DB′]e
− 1
l8s
∫
(∂B′
01
)2
. (47)
The above term {·} in (46) is independent of gs. One can further scale B
′
01 by l
4
s so that (46)
reads 〈 |F| 〉 ≃ gsl
4
sI, where I is a path integral with no apparent dependence on gs or ls.
Because of the absolute sign in (46), it is easy to show that I is non-vanishing and is in fact
divergent. A momentum cutoff at Λ has to be introduced to make sense of I and one finds
I ∼ Λ4 and hence
〈 F 〉 ≃ gsl
4
sΛ
4. (48)
The natural cutoff here is Λ ∼ l−1s because we have ignored all stringy corrections of higher
order in α′ in the SUGRA action.
While the derivation above is not completely rigorous, we consider the possibility of extending
this result consistently to all other branes and strings via string dualities in the rest of this paper
as a supporting evidence for (48).
In principle, there could also be other sources contributing to the uncertainty other than
the NS-NS 2-form gauge field. Here we considered only the massless mode of SUGRA. In an
approximation better than (42), quantum fluctuations of the metric also contribute. One should
also take into account string loop effects for a generic gs. These can enter in at least two ways:
First, eqn.(32) was derived from a single string in the first order approximation; in general
higher order terms and the string loop effects can modify the commutation relations for the
D-brane worldvolume coordinates [16]. Second, more precisely one should also use the string
loop corrected SUGRA action instead of the tree level one in the above derivation. Including
all these factors, we expect the uncertainty relation to take the generic form 3
δX0δX1 ≥ gsl
2
s + · · · , (49)
3 Uncertainty relations for the D-brane worldvolume has also been discussed in the context of Liouville string
theory [17]. There an uncertainty relation of a form similar to (49) was found, but with a different dependence
(
√
gs instead of gs) on the string coupling.
8
up to a numerical factor which will be ignored in this paper; and the omitted terms are of higher
order in gs and α
′ due to the above-mentioned higher order corrections. There could also be a
dependence on Ψ in the higher order corrections. Obviously one can perform the same derivation
for a Dp-brane with p > 1 and find the same uncertainty relation between any two directions on
the D-brane.
At this point, one may ask a number of questions. For example, is it possible to determine
explicitly the higher order corrections in (49)? How does the above generalize to the case of the
other Dp-brane? How does the uncertainty relation look like on a Dp-brane? What we will do
is to find new uncertainty relations by requiring the uncertainty relations to be consistent with
the known dualities of string theory. This consistency requirement will be our guiding principle.
4 Worldvolume uncertainty relations
In this section, we will propose a form of the uncertainty relations for Dp-branes which is
consistent with dualities of string theory. To strengthen the starting ground for our argument
which leads to the general result, we first consider the cases of D1 and D0-branes in more detail.
4.1 D1-branes
From sec.3, we find that the uncertainty relation for a D-string in the small gs limit in flat
spacetime takes the form
δX0δX1 ≥ gsl
2
s . (50)
Eqn.(50) gives a minimal area for the D1-brane worldsheet.
An independent support for this result can be obtained by S-duality. Under S-duality, a
D1-brane is interchanged with a fundamental string, and the string tension interchanged with
the D1-brane tension. Thus the uncertainty relation for a fundamental string should be
δX0δX1 ≥ l2s . (51)
This is in fact what people have suggested based on properties of string scattering amplitudes;
worldsheet conformal invariance and other various arguments [18]. This can also be heuristically
argued as follows (first two references of [18]). According to the canonical uncertainty relation
in quantum mechanics
δEδT ≥ 1, (52)
(where T should be identified with X0,) if δT is small, δE will be large. Since E ∼ 1/α′ times
string length, it is associated with a large uncertainty δX1 in the string length [19]. (For this
argument to be more rigorous, we need a virial theorem stating that a certain portion of the
energy must be attributed to the potential energy due to string tension.)
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4.2 D0-branes
The usual uncertainty principle of quantum mechanics (52) implies that
δT ≥
1
δE
≥
1
E
, (53)
where we assumed that E ≥ δE. (This would be the case if E is positive definite.) In the rest
frame of the D0-brane, E = 1/(gsls) is the mass of a D0-brane, so we find
δT ≥ gsls, (54)
where T is the proper time for the D0-brane worldline.
We can also interpret (54) as follows. If (54) is not satisfied, the energy of a D0-brane can be
larger than its rest mass and can thus lead to pair productions of D0 and anti-D0-branes. One
can then imagine a quantum path in which the created anti-D0-brane annihilates the original
D0-brane so that the created D0-brane survives as the final D0-brane. In such cases the proper
time is ill-defined during the process of creation and annihilation.
In [19] it was explained that the short distance behavior of D-branes is described by the low
energy physics of open strings ending on the D-branes. For D0-branes two different characteristic
scales were found. The first scale is the Planck scale for the 11 dimensional SUGRA, which is
g
1/3
s ls in accordance with the duality between M theory and type IIA theory. Assuming gs < 1,
the Planck scale is smaller than the string scale ls which characterizes the uncertainty relation
for fundamental strings. The Planck scale was found as the characteristic scale of the 0 + 1
dimensional SYM theory, which describes the low energy theory of D0-branes. Although the
Planck scale is believed to be the minimal scale in 11D SUGRA, it is not the scale of uncertainty
relations for D0-branes since a smaller characteristic scale gsls was found in [19]. It is called
the “fine structure” scale, which can be seen only after taking into account the correction of
the SYM action by the DBI action. Note that no smaller scale was found in the analysis of
[19]. Although the fine structure scale was obtained as the characteristic scale in the transverse
(spatial) directions, based on our results above we propose in this paper that the fine structure
scale also sets the minimal length on a D0-brane worldline as in (54).
Another support for the claim that (54) gives the correct uncertainty relation for D0-branes
is obtained via T-duality. If the D1-brane has the uncertainty relation δTδX ≥ gsl
2
s , then for
a D1-brane wrapped on a compactified circle with radius R, 4 δX can not be larger than R,
which implies that δT ≥ gsl
2
s/R. By T-duality this is interpreted as a dual D0-brane with the
uncertainty δT ≥ g′sls, where g
′
s = gsls/R is the string coupling constant in the dual theory.
This is exactly what we claimed in (54).
Incidentally we note that in terms of M theory, gsls is the radius of the compactification
through which the M theory is dual to type IIA theory. By compactifying M theory on a circle
smaller than the Planck scale, the smaller scale gsls is introduced into the compactified M
4 Since we assume that the string couplings are smaller than 1, the compactification radius needs to satisfy
ls/g
′
s > R > gsls.
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theory. This would not be possible if there were an uncertainty relation like δX ≥ lp in the
uncompactified M theory. On the other hand, this is consistent with the worldvolume uncertainty
relations we find for membranes and 5-branes as in (62), (63).
4.3 Dp-branes via T-duality
In the above we have seen that T-duality can be used to derive uncertainty relation of D0-branes
from that of D1-branes. Here we will generalize the arguments to all Dp-branes.
For simplicity we first consider the case of a flat background. We know that a D-string can
be obtained from a D2-brane under T-duality. By wrapping a leg of the D2-brane on the circle,
one introduces on the D2-brane worldvolume an uncertainty of the order
δX2 ∼ R, (55)
since the center of the D-brane can be anywhere on the circle. It is thus natural to guess that
the uncertainty relation on a D2-brane will involve a product of uncertainties of the form
δX0δX1δX2 ≥ gsl
3
s , (56)
which is the product of the uncertainty relation (50) for a D1-brane and (55) in terms of the
dual gs and ls.
On the other hand, one can also repeat the derivation of D1-brane uncertainty relation in
sec.3 for D2-branes. Since δXiδXj ≥ gsl
2
s + · · · for all i 6= j, i, j = 0, 1, 2, one can derive
δX0δX1δX2 ≥ g
3/2
s l3s + · · ·. This is a weaker condition than (56). At this moment we do
not know how to derive (56) directly from open strings ending on D2-branes as in the case of
D1-branes. We leave this interesting question for future study.
For a Dp-brane in general, we propose that
δX0δX1 · · · δXp ≥ gsls
p+1 (57)
in flat spacetime. For a Dp-brane in curved spacetime, the natural generalization of the uncer-
tainty relation is just
δV(p+1) ≥ gsl
p+1
s , (58)
where δV(p+1) is the uncertainty of the Dp-brane worldvolume, which is the spacetime volume
corresponding to δXi.
One can check that (57) respects the T-duality of string theory. To see this, suppose that we
start with a Dp-brane in a string theory compactified on a circle of radius R with string coupling
gs. We take one of the dimensions of the Dp-brane, says X
p, to be wrapped on the circle. Since
δXp ∼ R, we get for the D(p− 1)-brane,
δX0δX1 · · · δXp−1 ≥ g′sls
p, (59)
where g′s = gsls/R is the dual string coupling. Thus (57) is consistent with T-duality.
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It is interesting to note that (57) can be derived from (52) and
δE = T δVp, (60)
where T = 1/ gsl
p+1
s is the tension of the Dp-brane. Consider an experiment conducted on the
Dp-brane which is supposed to measure some point-like process. Because of the nonvanishing
spacetime uncertainty relation, the region of the process would appear to have a spatial volume
uncertainty of order δVp. The associated uncertainty in energy would have a typical order of
(60) and would be consistent with the standard T −E type uncertainty relation (52). However,
to really derive (57) from (52), one should in principle also include other possible sources of
uncertainties (e.g. contributions from the oscillation modes) in (60). The fact that one may
derive (57) by simply using (60) suggests that there might be some sort of stringy virial theorem.
4.4 Dyonic branes via S-duality
S-duality is expected to be an exact symmetry of type IIB string theory. Under an S-duality
transformation, a Dp-brane gets transformed into an (m,n)-p-brane for p = 1, 5. For the purpose
of explicit illustrations, we will spell out the (m,n)-string case in details. (m,n)-5-branes can
be treated similarly.
Starting with the uncertainty relation for a D-string (50), we can derive the uncertainty
relation for a (m,n)-string by the SL(2,Z) transformation of S-duality. It is
δX0δX1 ≥ l2s
1√
(m− nχ)2 + n
2
g2s
, (61)
where χ is the axion vacuum expectation value. Notice that the right hand side is just the
inverse of the tension of the (m,n)-string. In particular, we get (51) as a special case.
4.5 M-branes via M/IIB duality
Just as the D-brane is the end-point of an open string, one can also learn about the physics of
the M5-brane by considering it as the boundary of an M2-brane (see for example [20] for other
applications in this direction). It was shown in [10] that the M5-brane worldvolume can also
become noncommutative in the presence of Fijk, which is a combination of the three-form gauge
field and a worldvolume field strength.
Applying similar considerations as in the string case above, we propose the following uncer-
tainty relation for the M2-brane and M5-brane,
δX0δX1δX2 ≥ l3p for M2-brane, (62)
δX0δX1 · · · δX5 ≥ l6p for M5-brane, (63)
where lp is the 11-dimensional Planck length. An uncertainty relation of the same form as
(62) was proposed in [2] as a result of (51) due to the M/IIA duality, but with a different
interpretation, which is analogous to the one they had for (71).
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We now show that (61) is related to the membrane uncertainty (62) by using the M/IIB duality.
It is known [21, 22] that IIB string theory can be obtained from compactifying M theory on a
shrinking 2-torus with radii R1, R11. A IIB (m,n)-string is identified with a membrane wrapped
over the (m,n)-cycle on the torus with length
L(m,n) = R11
√
(m− nτ1)2 + n2τ22 . (64)
Here τ = τ1 + iτ2 is the modular parameter of the torus and it is identified [21, 22] with the
IIB string theory parameters as
τ1 = χ, τ2 = 1/gs. (65)
Now starting from (62) and using
δX2 ∼ L(m,n) (66)
for the uncertainty for the membrane direction which is wrapped on a cycle, we obtain immedi-
ately (61). Here we used l2s = l
3
p/R11.
In fact, since our uncertainty relations can be obtained mathematically from (52) and (60),
the matching of the brane spectra for dual theories implies that the uncertainty relations must
be consistent with all dualities. For instance, it is automatically true that the M/IIA duality
also relates (62) and (63) to (51) and (57) for p = 2, 4. Incidentally, the M/IIA duality also gives
rise to the uncertainty relation
δX0 · · · δX5 ≥ g2s l
6
s (67)
for the NS5-brane.
5 Discussions
In this paper, we discussed the uncertainty relations for the D-brane worldvolume. We intro-
duced the notion of a worldvolume uncertainty and explained how it is defined within the context
of string field theory. We proposed worldvolume uncertainty relations that are consistent with
the various dualities in string theory. We have also generalized the commutation relation for
the noncommutative gauge theory to a nontrivial background of F in the lowest order approx-
imation. It would be interesting to generalize this result to the full generality of an arbitrary
background. This could be relevant to the interesting proposal in [23].
In the following we remark on several related subjects.
5.1 Comments on some other uncertainty relations
Uncertainty relation of Wigner
In the classical study of Wigner [24], the effects of quantum mechanics on the measurability
of the spatial distance was estimated to be given by
δD ≥
√
T/Mc. (68)
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Here T is the time scale for the process involved and Mc is the mass of the clock. This analysis
has recently been strengthened in [25], which utilizes the existence of a Schwarzschild horizon
Rs for any massive object and thus it is necessary that
δD ≥ Rs ∼ GMc. (69)
Combining with (68), one obtains
(δD)3 ≥ GT. (70)
Notice that in this analysis, the precision of the measurement of time is not limited. The
uncertainty relation we proposed is consistent with these results. For example, in the brane
world scenario, when δT = 0, our uncertainty relation for a D3-brane says that δD =∞, which
is stronger than (68) or (70).
The argument leading to (70) utilizes the most popular reason for the belief in the existence
of spacetime uncertainty relations. That is, due to quantum mechanics a large energy is needed
to probe a small length scale, and when the energy is too large a black hole is formed, which
forbids the measurement of distances behind the horizon. However, in our derivation of the
uncertainty relations (57), we did not mention anything about event horizon at all. It remains
to be seen how the consideration of black holes can lead to the determination of uncertainty
relations in string theory, and whether it will lead to new uncertainty relations.
Uncertainty relation of Yoneya
Notice that ours uncertainty relations (57) are not of the same type as those proposed in
[2, 4, 5, 26]. These authors proposed uncertainty relations that involve the transverse coordinates
while ours are solely for the brane world. For example, in [2, 4, 5], it was proposed that
δTδX ≥ l2s (71)
for a Dp-brane. Here δT is understood as the uncertainty in the longitudinal directions on the
brane (to be more precise, δT = |δσ|, where σ is the worldvolume coordinates in the static gauge)
and δX represents the uncertainty in directions transverse to the brane. As it was pointed out in
[19], the short distance regime of D-branes are probed by open strings. The exchange of a closed
string state between two D-branes, for example, can be viewed as the creation and annihilation
of a pair of open strings (an open string loop diagram) due to the modular invariance of string
theory. Therefore, the scattering of D-branes is limited by the uncertainty of open strings, and
(71) is a direct result of (51).
Our uncertainty relation (57), on the other hand, is concerned with the uncertainty among
longitudinal directions on the brane, and it has a form different from (71). In particular ours
have a form that depends on the dimensionality of the brane and have additional dependence
on gs.
5.2 UV-IR relations, holography and uncertainty relations
In [5, 2], a generalized conformal symmetry was found for the Dp-brane super Yang-Mills ac-
tion. It is easy to check that the (p + 1)-dimensional YM action with coupling gYM, which is
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schematically
S =
1
g2
YM
∫
dp+1σ((∂X)2 +X4), (72)
is invariant under the following scaling transformation
Xa → λXa, σi → λ
−1σi, (73)
g2
YM
→ λ3−pg2
YM
. (74)
Here Xa(a = p + 1, · · · , 9) are the transverse scalars, σi(i = 0, 1, · · · p) are the worldvolume
coordinates in the static gauge. The coupling g2
YM
is related to the string coupling by
g2
YM
= gsl
p−3
s . (75)
The uncertainty relation (71) is invariant under this scaling (73) together with gs → λ
3−pgs and
ls being invariant.
Notice that (73) is reminiscent of the UV-IR distance relation [27, 28] in the context of
AdS/CFT holography [29, 30, 31]. Maybe this scaling relation is a generic property for general
holographic dualities [32, 33]. It was discussed in [2, 34] that the uncertainty relation (71) is
consistent with the UV-IR relation and it was suggested that the uncertainty principle is the
underlying principle that implies the UV-IR relation, which in turn guarantees the holographic
bound [33] to be satisfied [27].
Since our uncertainty relations are only involved with the worldvolume uncertainties, the
scaling (73)-(74) does not give any nontrivial implications on our relations. On the other hand,
since our uncertainty relation implies the existence of a minimal area, it may also be relevant
to the holographic principle and to the verification of the holographic bound. It would be
interesting if one can see this explicitly. Another interesting issue is that based on the UV-
IR relation and holographic principle, it is natural to ask what kind of spacetime property
(presumably a spacetime uncertainty relation) will be implied by the worldvolume uncertainty
relations. We leave these issues for future studies.
5.3 Characteristic scale
The scaling transformation (73)-(74) can also be used to find the characteristic scale of YM
theory. Let λ = g
1
p−3
s , then we scale gs → 1 and X → g
1
p−3
s X. This means that the Higgs
vacuum expectation value g
1
p−3
s X is independent of gs, and thus the YM characteristic scale is
g
−1
p−3
s ls. For p = 0 this gives the Planck scale g
1/3
s ls. For p = 3 it is the string scale ls. For
p > 3 this scale is much larger than the string scale, but for these cases YM theory is not
renormalizable and it means that we cannot trust it.
As it was mentioned in sec.4.2, a characteristic scale does not have to be the minimal scale.
For the case of D0-branes, it is the characteristic scale of the DBI action that turns out to be
the minimal scale. It is thus of interest to work out also the characteristic scale for the DBI
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theory for a Dp-brane. The DBI action is
S =
1
gsl
p+1
s
∫
dp+1σ
√
−det (g + F), (76)
which is invariant under the scaling
X → λX, gs → λ
p+1gs, (77)
and an arbitrary scaling of σ. Letting λ = g
−1
p+1
s , we find gs → 1 and X → g
−1
p+1
s X. This means
that g
1
p+1
s ls is the characteristic scale of the DBI action for the transverse directions. It happens
that this characteristic scale is also the one determining the minimal volume in our uncertainty
relations (58). It is possible that this is also the minimal length scale for the transverse directions
of a Dp-brane much like the case of D0-branes discussed in [19].
Even if both the transverse and longitudinal directions of a D0-brane are bounded by this
scale gsls, (71) is still a stronger condition than just the product of the two minimal lengths.
In sec.4.3 we also mentioned that (57) is a stronger condition than a product of (50) for each
pair of longitudinal directions. It seems that in string theory we need a complicated web of
uncertainty relations, which cannot be deduced from a single master relation, to fully state the
uncertainty property of spacetime.
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